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Al. 


ON CERTAIN FORMULA FOR DIFFERENTIATION WITH APPLI- 
CATIONS TO THE EVALUATION OF DEFINITE INTEGRALS. 


[From the Cambridge and Dublin Mathematical Journal, vol. 11. (1847), pp. 122—128.] 


In attempting to investigate a formula in the theory of multiple definite integrals 
(which will be noticed in the sequel), I was led to the question of determining the 
(‘+1)" differential coefficient of the 2i power of /(a@+2)—V(#@+ y); the only way 
that occurred for effecting this was to find the successive differential coefficients of 
this quantity, which may be effected as follows. Assume 


Ur, i = ((@+2) (@ + u)}* (v(e +A) — Vet pw}, 
then 
a yee A PIANE EE 
(œ+) @+yu) Viet x) aa 


PAPA Dat han alaa AR SIO ee) i i 
(@ +A) (@ +y) v{(@ +A) (æ + u)} 


CT k+i 


CEDEN EAEE E CNE 


or, attending to the signification of U;,;, 


$ U i= Ye O— p) Urai- (b+ À) Deni 
Hence ar Uy: = Uai 
TA $ A ee p’ Usi + (i — 1) Uzis 


34—2 
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from which the law is easily seen to be of the form 


ws d r 
(EY Toi= So Ero- p Uietsainrsis 


(where the extreme values of 6 are 0 and (r—1) respectively) and K, o is determined by 
Kryon = (r a 40) Kron IE (2 — 3r + 2 + 20) Kro A 


This equation is satisfied by 


K _T(r-}-0T(2r-1-0)T(i-r+0+1), 
nO TET (041) PQ@r-1—26)TG—r+]) ’ 


for in the first place this gives 


(r—1-46) P(r—-3- 6) T (2r-2-O) Pi-r +0 +2) 


(r—1— 38) Kr or — PET +2) TQ@r—3—20)PG—r4+l) 


_Per—-4-9Q@r-1-ATC@—r+6+2) 
~ Pa) 0 (04+2) P@r—2-26) 0 (i—r+1) ’ 


and hence the second side of the equation reduces itself to 


C(r—4-6)T(2r-—1-—6) TGi—r+0+1) EPA T E ah) 
TOLOJ Or -1-2 G-r) {2 (r—1—0)(i—r+0+1)+(0+1)(i—83r+2—20), 
where the quantity within brackets reduces itself to (i— r) (2r—1-— 0), so that the above 
value reduces itself to K,+}ı9}ı) Which verifies the equation in question. Also by com- 
paring the first few terms, it is immediately seen that the above is the correct value 
of K,.9, so that 


(-l(d\ 7 _ T(r —4-—0)T (2r-1-0)T(t—r+6+4+1) pain 
A ʻA Uoi = So T (4) r(0+1)r(2r-1-0)Tr(i-r+1) ON = p) Uarte, iron +-(I) 
0 extending as before from 0 to (r—1). In particular if ¿ be integer and r=7+1, 


(yH d\in ro F (i 33 4) 2i 1 
i A {v(x +r) —V(@+ b)} oe 4) (A — y) (a +2) (e+ a)i E EE (2), 


(since the factor I (i—r+0+1)+T(i—r+1) vanishes except for 0@=0 on account of 
T(i—r+1)=æœ). Thus also, if r be greater than (i +1), =i+1+s suppose, then 


d \* 1 
Oe) FEF 


r(i+s+4—0)T(2i+2s+1-—0)T (0—8) A 
TP (i+4) 0 (041) PF (+ 28+ 1-26) T (-s) (A = p) Ute a8, ed ro (3), 


= o 


www.rcin.org.pl 


41] TO THE EVALUATION OF DEFINITE INTEGRALS. 269 


where @ extends only from 9@=0 to @=s, on account of the factor T (0-— s)-+T (— s), 
which vanishes for greater values of 0: a rather better form is obtained by replacing 
this factor by 
(-) P(1+s) 
T(l+s— 86)’ 


The above formule have been deduced on the supposition of i being an integer; 
assuming that they hold generally, the equation fy gives, by writing (¢—4) for 2, 


1 
‘Te +A) (@ + u) 


—)itt 7 \i+4 
(E) Wer -Veta =p A 
or integrating (t+ 4) times by means of the formula 


[eaP (JaA eo 


this gives 
p a RE L E, y 
0 {(a@+2) (a + y)}* 5 Ti (Ve + Vp) EUA T (4), 
whence also 
Hli aio "l EFT +4) 1 
3 (@ +r) (@ + pY ei Geely (A+ Vpn Blea Sevens nie) be (5) : 


and from these, by simple transformations, 


f e er PAEA ee As 
g ((a—x)+m (x-— B)}* Tar it gee hye ; 
(a-a) (w — py tde TET G-}) @-A) jp 
B {(a— x) + m (x. — B)}* Tr (vm +1) eeeesseoeess A 


These last two formule are connected also by the following general property: 


(a — x)" (x — B) dx 


iri (4, 8, D=f 1G as ieee 


Tal ; fA ads 
then (a, b, 1)= Taito (a— — By (a + b— 1, t, B) eeecvccescnccce (8), 


which I have proved by means of a multiple? integral. From (6) we may obtain for y<1, 


(oe ees (9) 

(0 —2ya+y) T'(@+1) Coe cece cceceseerceccceecoes > 
1 This is immediately transformed into 

f: stds _ PET (i-4) 1 

0 (ax?+ba+c)* Ti {b+2,/(ac)}*-4 


which is a particular case of a formula which will be demonstrated in a subsequent paper. [I am not sure to 
what this refers.] 


2 [The triple integral [ [fer a*l yBol e- (a +my) u-2—Y ge dy du.] 
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which however is only a particular case of 
de(l _ a4 yi to 2 ye +9) Ta E (1 - 28042) "| 
a IPG Dees hw 
PLURI p (1 8) eee er (10), ) 


which supposes y and e each less than unity. This formula was obtained in the case of 


(i+4) an integer, from a theorem, Leg. Cal. Int., tom. I1. p. 258, but there is no doubt 
that it is generally true. 


From (9), by writing æ= cos 0, we have 
F sin* 0 d0 _T4r (+4) 
}, capac PE a oe ee 


which may also be demonstrated by the common equation in the theory of elliptic 
functions sin (6 — 6)=ysing, as was pointed out to me by Mr [Sir W.] Thomson. It 
may be compared with the following formula of Jacobi’s, Crelle, tom. xv. [1836] p. 7, 


=”  sin*" 6 do 1 = cos (ti —4)6d0 


. (1 —2y cos0 +y T'G+4) » Vd — 2y cos 0+) a E (12). 
Consider the multiple integral 
= da dy .. 
Well ae aap ((@— a) + CETE an Leia E A (13), 


the number of variables being (2i +1) (not necessarily odd), and the equation of the 
limits being 
e+y..=€; 


then, as will presently be shown, W may be expanded in the form 


Feoi ee j aah an 
x AATA HLT (¢+0+4) (a) EE + we ooien (14), 
where A =@ +b +...... and à extends from 0 to œ. Suppose next 


KN Pike ken i ee ae 
Fin Hee +u (a? + ES; yin ATOR PEE OI EY oar E TT 


the number of variables as before, and the limits for each variable being — œ, ©. We 
have immediately 
1 a Wess” 
v=), grom ag 
W as before, i.e. 
-jA dyaf® gtd 
j (aa) 


= miti we a ak 
CTET ae o Era eta 


(A+ 1) (¢+2+4+4) \du 
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But writing u’, v? for >, w in the formula (5) (u and v being supposed positive), the 
integral in this formula is 
Vor T(t + 4) 1 
Tri +1) v (u + v’? 
hence, after a slight reduction, 
V= i (AT (+A +1) A* 
~ oO G+) P@+lrartl (ut? 


mit! j 1 


~ PG+1) of{u+) + Aji 


a remarkable formula, the discovery of which is due to Mr Thomson. It only remains 
to prove the formula for W. Out of the variety of ways in which this may be accom- 
plished, the following is a tolerably simple one. In the first place, by a linear trans- 
formation corresponding to that between two sets of rectangular axes, we have 


or finaly We iccecec tence ees (16), 


W- EAA 
or expanding in powers of A, and putting for shortness R=@? +4... +u, the general 
term of W is 
T (i +A+o0) 


spas NO Ne e a E a E e P—i—\—o 
era morran? j ae 


the limits being as before a?+y?+...=& To effect the integrations, write VE Nye, 
vE/y, &e. for æ, y... so that the equation of the limits becomes æ + y+... =], 
Also restricting the integral to positive values, we must multiply it by 2%}: the 
integral thus becomes 

grisea [ae ty a {E@+y...) +u ie dedy... 
equivalent to 


posed [øgn 


l j Thoti) T (o + 3) kl t+ 2\—i—A—o 
„e, to meet fe ot (£ + u?) dé. 


Hence, after a slight reduction, the general term of W is 
mith Ta@+A+c) i ie aes 
es (SATO AA i+o—} 2\—i—A—o 
ie te T(et+)ra-ct+)lG+o+h) Y i i. dé, 


where @ may be considered as extending from 0 to à inclusively, and then 2» from 
0too. But by a formula easily proved 


(¢ a) (f+ uy = 22A Ee ED y 


s P(i+A+o) TRTE 
SCY re@qnra-etDlarer pe ete 
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where o extends from 0 to à. Hence, substituting and prefixing the summatory sign, 


jae (y> def gi ; 
ih ba ee eye ee J E E+ ag, 


where à extends from 0 to œ, the formula required. 
[I annex the following Note added in MS. in my copy of the Journal, and referring to the formula, 
ante p. 267; a is written to denote À- p. 
N.B.—It would be worth while to find the general differential coefficient of Uk i 
sUr, i= (k +i) Oy, gt dha? Up_o i-1 
from which it is easy to see that 


0; U,,4=(-)" Kg  Uk-ri 
Ji 20 
+(-) NE, gO Oppo, 40 


2r 
r Ky % Uk-2r, i-r" 


The general term of ĝ7*! U, ; is 
EPA Ky ga [h(k-1—6) PU, _, 9-9, i-0-11 


+ (=) 9? Keg ggg OPT [ - (kd 20-21) Uy_,_ 99, ia] 


which must be equal to 


r—o 20+2 
(a) Ky41, o+1 % Uy, —r-0-2,i-0-1 


therefore Kp, o41=(k+i-r-20-2) Kp 944+ (k-7-8) K, o- 


In particular 
Kp+1,0 -(k+i-r) EK, o=0 


Kp+i,r+17 (ah-7) Ky, p= 


whence Kyo =[k+i]" 
Kı  =ẹr{k+(i-r)k-4(r-1)i} [Re - 2)", 
Enp =[4k]", 


which appears to indicate a complicated general law. 
Even the verification of K,,, is long, thus the equation becomes 


+1 [k+i-2}"—! {k24 (i-r-1)k- ẹri} -(kti-r-2)r{k? +(i-r)k-4(r-1)i}[k+i-2772=(k-r)[k+i], 
or 
r+i(k+i-r){+(i-r-1)k-4ri}-r(k+i-r-2){k?+(i-r)k-4(r-1)i}=(k-r)(k+0(k+i-1), 


which is identical, as may be most easily seen by taking first the coefficient of k3, and then writing k=" 
k=-i, k=-i-1.] 
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